QUANTUM FIELD THEORY II
Physics 444 - Winter Quarter, 2006 - University of Chicago

PROBLEMS DUE TUESDAY, JANUARY 31

Problem in text Subject
10-1 (a) Furry’s Theorem
10-1 (b) Finiteness of light-light scattering

Hints: (a) The identity ch“Fal = —*"T where I'c = 7°92, may be useful here.
(b) It is enough to study the leading behavior of the trace (in powers of loop mo-

mentum) when summing over six distinct diagrams.



Solutions — Problem Set 4

David McKeen — January 31, 2006
Problem 10-1
(a) Note that in these solutions all photon momenta will be directed towards the

vertex. The one point photon vertex is

IMH =

27-(-)4 p2 mQ
d'p  p*
4dre /
(27-‘-)4 p2 m2
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We can write the amplitudes as

ks _ 3 / d'p tr [y (F+ m)y2 (Ko + m)y (Bt Fot Js + m))
' 2m)* [p2 = m? [(p+ k2)? = m?][(p + ko + ks)® — m?]
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and

g _ 3 [ A G m)y B o+ m)n (B Yo~ fs + )]
M / @m)t [p* = m? [(p = k2)? = m?] [(p — k2 — ks)* —m?]

where we have reversed the order of all the gamma matrices in the last trace. We
will work on this trace. Consider I'c = 7992 It’s easily seen that I'4 = 1 and
Loy Te = —(v*)T. We insert factors of I'% after each Dirac matrix in the trace and

use the cyclicity of the trace to move the last I'c to the front. We see

tr [v* (F + m)v* (P— Jo + m)y (P— Jo— K + m)]
= tr [Ley TG + m)TE" T (#— Fo + m)TEnTE (b~ ko= K3 +m)T¢]
= tr [(v")" (¢ = m)" (v*)" (= Ko — m)" (4")" (P Wo— Js —m)" ]
= tr[(f— fo— Js — m)V" (P— K2 — m)y*2 (¥ — m)y™!]
= tr [y" (¥ — m)V"*> (= fo — m)V"* (P~ Ko Kz — m)]

We can then write

i H1p2p3 —63 d4p tr h/m @ _ m)7#2 (ﬂ_ k2 - m)fyﬂg (p_ %2_ kS - m)]
M / @2m)* [p? = m?|[(p — k2)? = m?] [(p — k2 — k3)? —m?]

We make the change of variable in the integral p — —p. It becomes

s ___qy [ 4Pt E A m)y @ o + m)y W ot s+ m)]
T = e / (@m)* [p* = m?| [(p + ka)” = m?] [(p+ o + ks)* — 7]

— _iMlltllQMs

From this we see that the three-point photon vertex function vanishes.
We now deal with the n-point photon vertex. There are (n — 1)! diagrams that

contribute. It is easy to convince oneself that for each of these diagrams there is



one other that differs only in the direction of the internal electron momentum flow.
That is, there are (n — 1)!/2 topologically distinct diagrams. We will show that
there is a simple relation between the diagrams that differ only under the direction
of electron momentum. Consider a generic n-point diagram. It can be written (with

an appropriate labelling of external momenta) as

N S d*p tr [y (P + m)V2(P+ Fo +m) o (P fy + -+ K +m)]
M= e/(2ﬂ)4 p* =m?[(p+ ko) —m?] .. [(p+ Ko+ + k)? — m?]

The diagram that differs under the direction of the electron momentum can then be

seen to be (with the order of gamma matrices reversed):

glmmd — oo [ A G m)y B ) P — e — e £ )]
M / @mt [P =m?(p—k2)? =m? . (p = k2= = ka)? = m?]

We can then manipulate the trace in the second amplitude as we did above to find

that

glmd — g [ A G —m (B e —m) Ay — - — e — )]
M / @m)* [P =m?[(p— ko) =m?| . [(p— k2 — -+ — kn)? — ]

If we again take p — —p we see that

gl on_qyn d'p tr [y (F +m)y2 B+ Ko +m) AP (B K + o+ K+ m)]
M, (-1) /(27r)4 P2 —m2] [(p+ k)2 —m2]. . [(p+ kst + kn)? — m2]

= (-1)rimi

Thus we see that if n is odd each diagram is canceled by the corresponding one with

opposite loop momentum and the total amplitude is zero.



(b) The four photon interaction amplitude is given to lowest order by six diagrams:

iMHIH2RsI

The argument in part (a) allows us to only consider 3 diagrams:

X s
5 (Z'MM1#2#3#4> — + + P

/T\ P

= M HimP imi

We write down the amplitudes

iMipad — / d'p tr [y (F + m)v (B fo + m)y (B fot Kz + m)v (B Fot Kot Fa +m)]
! (271')4 [p2 — mQ] [(p + k’z)Q — m2] [(p + k‘Q + k3)2 — m2] [(p + kQ + ]{73 + k4)2 — TTL2]

YV / d'p tr [y ( + m)y (Pt Jo + )y (B Kot Fa + )y (0 Kot Fst Ka +m)]
’ 2m)* [p* = m?] [(p + k2)? = m?| [(p + k2 + ka)? — m?] [(p + ko + ks + ka)? — m?]

iMir / d'p tr [y (4 m)v (B K+ m)y (B fot Fa + m)y" (B ot Fst Fa +m)]
! (2m)4 [p2 — m2] [(p + ka)2 — m2] [(p + ko + ks)% — m2] [(p + ko + k3 + ky)2 — m?]

The potentially UV divergent term (which we denote i./\/léfv‘*}) can then be written
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as

) d'p
ZM({iétl} — —64/ (27T)4p 8 tr [,yul ]57#2 ?‘7”3 ]5,7/!4 ]é + 7#1 %Vuz ﬁ,ylm ]57#3 fj + ,yul 15,7/14 p/,ym %7113 p/]

We can pull out a factor of p,pgp,ps which will be replaced by p*(gasgys + Jardss +

Jas9sy)/24 since the integral is symmetric (Eq. (A.42) of Peskin and Schroeder). A

generic term in the trace becomes

(9asrs + Gavdss + 9as9sy) VYV VYY) = 1YY "Y1
B i e e 0 G B S e e e e e
= A9y = 2P s — 29 Y P e
= APy = 8g I + Ayt TPy
We now note that
VATV = =AY + 29771 = 297010 + 2974 H7
so that the term becomes

8 (977" + " "7 — 29" 4"") (1)

To get each term in the trace we take {ILL7 v, p, U} - {/'1’17 M2, 13, /,64} ) {/’617 M2, 4, /,63} ) {:uh Hay 42, :u3}

respectively. The amplitude becomes

4 4
i./\/l;{iﬁf} — _%/ (;Z ];4]94 tr (gHera I He o gHRHB Ry O g2k I 13
s

_|_ g/»‘4/143,yﬂl,yﬂ2 + g.U'2/J4,y;UflfY/1‘3 _ 29/142#3,}//—’417#4

+ gﬂ2#3,yﬂl,y#4 + 9#4“2’}/“17#3 _ 29#4%,}/#17#2)



The cancellation between the terms is now manifest and we see that
iME) =0

as we hoped.



