
QUANTUM FIELD THEORY II

Physics 444 - Winter Quarter, 2006 - University of Chicago

PROBLEMS DUE TUESDAY, JANUARY 24

Problem in text Subject

9–1 (a,b) Charged scalar field

You should be aware of the result for the last part of Problem 9–1 (c): It was

derived derived in class on Thursday, January 12 using a three-line calculation of the

imaginary part of Πµν(q) for a scalar particle.

Additional problem: For a class of gauges, the photon propagator may be written as

in Eq. (9.58) of the text:

D̃µν
F (k) =

−i

k2 + iε

(
gµν − (1− ξ)

kµkν

k2

)
. (1)

The Feynman gauge corresponds to ξ = 1 and the Landau gauge corresponds to

ξ = 0. Show that the second-order contribution to the vertex function, Γµ
2(p′, p), is

finite in the Landau gauge.
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Solutions — Problem Set 3

David McKeen – January 24, 2006

Problem 9–1

(a) We start with the Lagrangian

L = −1

4
F 2

µν + (Dµφ)∗ (Dµφ)−m2φ∗φ

= −1

4
F 2

µν + φ∗(−∂2 −m2)φ− ieAµ (φ∗∂µφ− φ∂µφ∗) + e2A2φ∗φ

= LA + Lφ + Lint .

As in section 9.2 of Peskin and Schroeder we define

Z[J, J∗] ≡
∫
Dφ∗Dφ exp

[
i

∫
d4x[L+ J∗(x)φ(x) + J(x)φ∗(x)]

]
.

It’s clear then that

〈0|Tφ∗(x1)φ(x2)|0〉 =
1

Z0

(
−i

δ

δJ(x1)

)(
−i

δ

δJ∗(x2)

)
Z[J, J∗]

∣∣∣∣
J,J∗=0

To find the scalar propagator we need only consider the part of the Lagrangian not

involving Aµ. We follow Peskin and Schroeder and define

φ′(x) = φ(x)− i

∫
d4yDF (x− y)J(y)

= φ + (−∂2 −m2)−1J

and

φ′∗(x) = φ∗(x)− i

∫
d4yDF (x− y)J∗(y)

= φ∗ + (−∂2 −m2)−1J∗ .

2



Then∫
d4x [Lφ + Jφ + J∗φ∗] =

∫
d4x

[
φ′∗(−∂2 −m2)φ′ − J∗φ′ − Jφ′∗ + J∗(−∂2 −m2)−1J

+Jφ′∗ − J(−∂2 −m2)−1J∗ + J∗φ′ − J∗(−∂2 −m2)−1J
]

=

∫
d4x

[
φ′∗(−∂2 −m2)φ′ − J∗(−∂2 −m2)−1J

]
= Lφ′ + i

∫
d4x d4y J∗(x)DF (x− y)J(y) .

We shift integration variables in the functional integral from φ to φ′ and φ∗ to φ′∗.

Since this is just a shift the jacobian is 1. We get that

Z[J, J∗] = Z0 exp

[
−
∫

d4x d4y J∗(x)DF (x− y)J(y)

]
.

We see that

1

Z0

(
−i

δ

δJ(x1)

)(
−i

δ

δJ∗(x2)

)
Z[J, J∗]

∣∣∣∣
J,J∗=0

= − 1

Z0

δ

δJ(x1)

[
−
∫

d4y DF (x2 − y)J(y)

]
Z[J, J∗]

∣∣∣∣
J,J∗=0

= DF (x2 − x1) .

This gives the momentum space propagator

�

p =
i

p2 −m2 + iε

We now look to the interaction terms and write

exp

[
i

∫
d4x L

]
= exp

[
i

∫
d4x L0

](
1 + e

∫
d4x Aµ (φ∗∂µφ− φ∂µφ∗)

+ie2gµν

∫
d4x AµAνφ

∗φ + . . .

)
.
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In momentum space the second term gives the rule

�p
p′

µ = −ie (p + p′)
µ

and the third gives

�
µ ν

= 2ie2gµν .

The factor of 2 comes from the fact that there are two ways that the Aµ and Aν can

be contracted with the external photon states.

(b) The diagram for lowest order e+e− → φφ∗ scattering is:

�p
p′

γ
k

k′

e−

e+

φ

φ∗

Using the rules from part (a) we can immediately write down the amplitude:

iM = v̄(p′)γµu(p)
−ie

(p + p′)2
[−ie(k − k′)µ]

=
−e2(k − k′)µ

(p + p′)2
v̄(p′)γµu(p) .
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Squaring this and averaging over electron spins we find (if we ignore the electron

mass)

1

4

∑
spins

|M|2 =
e4

s2
(k − k′)µ(k − k′)ν

[
pµp

′
ν + pνp

′
µ − gµν(p · p′)

]
=

2e4

s2

[
(p · k − p · k′)(p′ · k − p′ · k′)− (m2 − k · k′)(p · p′)

]
.

If we move to the center of mass frame:

p =
ECM

2
(1, 0, 0, 1)

p′ =
ECM

2
(1, 0, 0,−1)

k =
ECM

2

(
1,

√
1− 4m2

E2
CM

sin θ, 0,

√
1− 4m2

E2
CM

cos θ

)

k′ =
ECM

2

(
1,−

√
1− 4m2

E2
CM

sin θ, 0,−

√
1− 4m2

E2
CM

cos θ

)

then

p · k − p · k′ = −(p′ · k − p′ · k′)

= −E2
CM

2

√
1− 4m2

E2
CM

cos θ

m2 − k · k′ = −E2
CM

2

(
1− 4m2

E2
CM

)
p · p′ =

s

2
=

E2
CM

2
.

Plugging these in we find

1

4

∑
spins

|M|2 =
e4

2

(
1− 4m2

E2
CM

)
sin2 θ .
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Referring to equations (A.56) and (A.58) of Peskin and Schroeder we write the

differential cross section in the center of mass frame as

dσ

dΩ
=

|p|
32π2E3

CM

(
1

4

∑
spins

|M|2
)

=
1

64π2E2
CM

√
1− 4m2

E2
CM

[
e4

2

(
1− 4m2

E2
CM

)
sin2 θ

]
=

e4 sin2 θ

128π2E2
CM

(
1− 4m2

E2
CM

)3/2

=
α2 sin2 θ

8E2
CM

(
1− 4m2

E2
CM

)3/2

.

This gives

dσ

d cos θ
=

πα2 sin2 θ

4E2
CM

(
1− 4m2

E2
CM

)3/2

or

σ =
πα2

3E2
CM

(
1− 4m2

E2
CM

)3/2

.

Additional Problem

We write down the second order correction (Eq. (6.38)) to the vertex function in the

Landau gauge:

δΓµ(p′, p) = −ie2

∫
d4k

(2π)4

(
gνρ −

(k − p)ν(k − p)ρ

(k − p)2

)
γν(6k′ + m)γµ(6k + m)γρ

(k − p)2(k′2 −m2)(k2 −m2)
.

We expect a logarithmic divergence since

δΓµ(p′, p) ∝
∫

d4k k−4
[
1 +O(k−1)

]
.

However, we will show that the coefficient of the k−4 term is zero so that

δΓµ(p′, p) ∝
∫

d4k k−6
[
1 +O(k−2)

]
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and thus is finite in the UV. (Note that we will not obtain a term ∝ k−5 since our

integral is symmetric in k so only even powers will contribute.) We pull out the

leading behavior of the integrand:

δΓµ(p′, p) = −ie2

∫
d4k

(2π)4

{(
gνρ −

kνkρ

k2

)
γν 6kγµ 6kγρ

k6
+O(k−5)

}
= −ie2

∫
d4k

(2π)4

{
−2kαkβγαγµγβ − k2γµ

k6
+O(k−5)

}
When evaluating this integral, only even powers of k in the numerator contribute.

Therefore we can make the replacement 4kαkβ → k2gαβ. We also see that the order

k−5 term will not contribute as mentioned above. Then we find

δΓµ(p′, p) = −ie2

∫
d4k

(2π)4

{−1
2
γαγµγα − γµ

k4
+O(k−6)

}
= −ie2

∫
d4k

(2π)4

{
γµ − γµ

k4
+O(k−6)

}
= −ie2

∫
d4k

(2π)4
O(k−6)

which is finite.
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