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PROBLEMS DUE TUESDAY, JANUARY 10

Problem in text Subject

6–1 Rosenbluth Formula

Hint: The trace algebra is considerably simpler if you use the Gordon identity in

Problem 3.2 to substitute for the iσµνqν/2m term. You will also have to derive the

phase space formula for the laboratory frame, repeating the steps we took for the

center-of-mass frame.
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Solutions — Problem Set 1

David McKeen – January 10, 2006

Problem 6–1

Lorentz invariance restricts the form of the Feynman rule for the proton-photon

vertex:

�p
p′

= ie

[
γµF1(q

2) +
iσµνqν

2m
F2(q

2)

]

= ie

[
γµ (F1 + F2)−

pµ + p′µ

2m
F2

]
where F1(q

2) and F2(q
2) are determined by QCD and q = p′ − p. We consider the

scattering of an electron off a proton initially at rest:

�k p

k′ p′

e− p .
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Then, to lowest order in α, the amplitude is given by

iM = {ūe(k
′) (−ieγµ) ue(k)}

(
−i

q2

){
ūp(p

′)

[
ie

(
γµ (F1 + F2)−

pµ + p′µ

2m
F2

)]
up(p)

}
= −ie2

q2
ūe(k

′)γµue(k)ūp(p
′)

[
γµ (F1 + F2)−

pµ + p′µ

2m
F2

]
up(p) .

Squaring this, summing over final spins, and averaging over initial spins we find

1

4

∑
|M|2 =

e4

4q4
Tr(6k′γµ 6kγν)Tr [(6p′ + m) (Aγµ −Bµ) (6p + m) (Aγν −Bν)]

with A ≡ F1 + F2 and Bµ ≡ (pµ + p′µ)F2/2m. The first trace is

Tr(6k′γµ 6kγν) = 4 [kµk′ν + kνk′µ − gµν(k · k′)] .

The second is

Tr [(6p′ + m) (Aγµ −Bµ) (6p + m) (Aγν −Bν)] = A2Tr(6p′γµ 6pγν)−mABνTr(6p′γµ)

+ BµBνTr(6p′ 6p)−mABµTr(6p′γν)−mABµTr(6pγν) + m2BµBνTr(1)

−mABνTr(γµ 6p) + m2A2Tr(γµγν)

= 4A2 [pµp′ν + pνp′µ − gµν(p · p′)]− 4mABνp′µ + 4BµBν(p · p′)− 4mABµp′ν

− 4mABµpν + 4m2BµBν − 4mABνpµ + 4gµνm2A2

= 4A2
[
pµp′ν + pνp′µ − gµν(p · p′ −m2)

]
+ 4BµBν(p · p′ + m2)

− 4mABµ(pν + p′ν)− 4mABν(pµ + p′µ)

= 4
{
(F1 + F2)

2
[
pµp′ν + pνp′µ − gµν(p · p′ −m2)

]
+

[
F 2

2

4m2
(p · p′ + m2)− (F1 + F2)F2

]
(pµ + p′µ)(pν + p′ν)

}
= 4(F1 + F2)

2
[
pµp′ν + pνp′µ − gµν(p · p′ −m2)

]
+

[
−F 2

2 (2 +
q2

2m2
)− 4F1F2

]
(pµ + p′µ)(pν + p′ν)

}
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At this point we thank Peskin and Schroeder for including the answer. We manipu-

late the second term to obtain a factor of F 2
1 − q2F 2

2 /4m2 by adding and subtracting

2F 2
1 . We find

Tr [(6p′ + m) (Aγµ −Bµ) (6p + m) (Aγν −Bν)] = 4(F1 + F2)
2
[
pµp′ν + pνp′µ − gµν(p · p′ −m2)

]
+

[
2(F 2

1 −
q2

4m2
F 2

2 )− 2(F1 + F2)
2

]
(pµ + p′µ)(pν + p′ν) .

Now,

2
[
pµp′ν + pνp′µ − gµν(p · p′ −m2)

]
− (pµ + p′µ)(pν + p′ν) = q2gµν − qµqν

(using q2 = 2m2 − 2p · p′). Then

Tr [(6p′ + m) (Aγµ −Bµ) (6p + m) (Aγν −Bν)] = 2(F1 + F2)
2(q2gµν − qµqν)

+ 2(F 2
1 −

q2

4m2
F 2

2 )(pµ + p′µ)(pν + p′ν) .

This gives us

1

4

∑
|M|2 =

2e4

q4

[
C(F1 + F2)

2 + D

(
F 2

1 −
q2

4m2
F 2

2

)]
with

C = [kµk′ν + kνk′µ − gµν(k · k′)] (q2gµν − qµqν)

= −q2(k · k′)− 2(q · k)(q · k′)

= (k · k′)
[
2(k · k′)− q2

]
= 4(k · k′)2

and

D = [kµk′ν + kνk′µ − gµν(k · k′)] (pµ + p′µ)(pν + p′ν)

= 2(p · k + p′ · k)(p · k′ + p′ · k′)− (p + p′)2(k · k′) .
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We need to do some kinematics now. We will use Mandelstam variables since they

clean things up. They are

s = (p + k)2 = m2 + 2p · k

= (p′ + k′)2 = m2 + 2p′ · k′

t = (p− p′)2 = 2m2 − 2p · p′

= (k′ − k)2 = −2k · k′

= q2

u = (p− k′)2 = m2 − 2p · k′

= (k − p′)2 = m2 − 2p′ · k .

We can then write

C = t2

and

D =
1

2
(s− u)2 +

1

2
t(4m2 − t)

=
1

2
(2s + t− 2m2)2 +

1

2
t(4m2 − t)

= 2(s−m2)2 + 2st .

Now, we specialize to the lab frame. We take

p = (m, 0)

k = (E, Eẑ)

p′ = (E ′
p,p

′
p)

k′ = (E ′, E ′ sin θx̂ + E ′ cos θẑ) .
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We can express the photon’s final energy by use of

m2 = (p′)2 = (p + k − k′)2 = m2 + 2p · (k − k′)− 2k · k′

= m2 + 2m(E − E ′)− 2EE ′(1− cos θ)

which gives

E ′ =
E

1 + E
m

(1− cos θ)
=

E

1 + 2E
m

sin2 θ
2

.

The Mandelstam variables in the lab frame become

s = m2 + 2mE

t = −2EE ′(1− cos θ)

= −
4E2 sin2 θ

2

1 + 2E
m

sin2 θ
2

.

We use these to write

C = −
4q2E2 sin2 θ

2

1 + 2E
m

sin2 θ
2

= −4q2EE ′ sin2 θ

2

and

D = 2(2mE)2 + 2(m2 + 2mE)

(
−

4E2 sin2 θ
2

1 + 2E
m

sin2 θ
2

)

=
8m2E2 cos2 θ

2

1 + 2E
m

sin2 θ
2

= 8m2EE ′ cos2 θ

2
.

Plugging this in we get the invariant amplitude in the lab frame:(
1

4

∑
|M|2

)
lab

=
16e4m2EE ′(
−4EE ′ sin2 θ

2

)2 [(F 2
1 −

q2

4m2
F 2

2

)
cos2 θ

2
− q2

2m2
(F1 + F2)

2 sin2 θ

2

]
=

e4m2

EE ′ sin4 θ
2

[(
F 2

1 −
q2

4m2
F 2

2

)
cos2 θ

2
− q2

2m2
(F1 + F2)

2 sin2 θ

2

]
.
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In the lab frame, the 2-body phase space integral is∫
dΠ2 =

∫
d3k′

(2π)3

1

2E ′

∫
d3p′

(2π)3

1

2E ′
p

(2π)4δ(0)(p′ + k′ − p− k)

=
1

16π2

∫
dE ′dΩ

E ′

E ′
p

× δ(
√

m2 + E2 + E ′2 − 2EE ′ cos θ + E ′ −m− E)

=
1

8π

∫
d cos θ

E ′

E ′
p

1∣∣∣E′−E cos θ
E′

p
+ 1
∣∣∣

=
1

8π

∫
d cos θ

E ′

m + E(1− cos θ)

=
1

8π

∫
d cos θ

E ′2

mE

The formula connecting the amplitude to the cross section is

dσ =
1

4EeEp |ve − vp|

∫
dΠ2 |M|2

Using ve ≈ 1, vp ≈ 0, Ee = E, and Ep = m we get(
dσ

d cos θ

)
lab

=
E ′2

32πm2E2

(
1

4

∑
|M|2

)
lab

=
e4

32πE2 sin4 θ
2

(
E ′

E

)[
(F 2

1 −
q2

4m2
F 2

2 ) cos2 θ

2
− q2

2m2
(F1 + F2)

2 sin2 θ

2

]

=
πα2

[
(F 2

1 −
q2

4m2 F
2
2 ) cos2 θ

2
− q2

2m2 (F1 + F2)
2 sin2 θ

2

]
2E2

[
1 + 2E

m
sin2 θ

2

]
sin4 θ

2

.
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