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PROBLEMS DUE TUESDAY, NOVEMBER 15

Problem in text Subject
4-2 Decay Rate [use Eq. (4.86) in text]
4-4 Rutherford scattering

For part (b) in Problem 4-4 it is not necessary to retrace all the steps which led to
Eq. (4.79) of the text. Instead, generalize the result to the case in which the target
is infinitely heavy and thus is able to absorb 3-momentum but not change energy.
If you have not taken a Fourier transform of the Coulomb potential recently, recall
that it is most easily done by introducing a cutoff factor exp(—pur) and then taking

w— 0.



Solutions — Problem Set 6

David McKeen — November 15, 2005

Problem 4-2

We have the Lagrangian

1 1 1 1
L= 5(59#‘1’)2 - §M2‘I>2 + 5(3;@)2 - §m2¢2 — n®oo.

The Feynman rules for the theory are easily written down:
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The factor of two in the vertex comes from contracting the two identical ¢ fields with
external states. From this diagram we can immediately read off the amplitude for
the process ® — ¢o:

M = 2pu.

Eq. (4.86) gives the differential decay rate in terms of the invariant amplitude:
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where we have included the factor 1/2 since the final particles are identical. We use

Eq. (A.58) to write this in our case as
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Using our expression for M we write this as
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Integrating we get
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Since each ¢ has energy M/2 in the center of mass frame we get |p|* = M?/4 — m?.

Plugging this in we get
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Problem 4-4

(a) The interaction Hamiltonian is
H; = /d3x 61;’}/”2/}/4“.
The T-matrix element is then
Witle) = (|~ i [ kil
= —ie / d'z (p|oy" Y Aulp).

Our process corresponds to contracting the fermion annihilation operator with the

in-state and the fermion creation operator with the out-state, giving a u(p)e~*® and



a u(p')e®"* respectively. Therefore

(PiTlp) = —ie [ d'z a(p')y"u(p) AP
= —iea(p")y u(p)A,(p — p)

with

P
If A,(x) is independent of 2° then

A —p) = / dz® WP 4 (p' — p)

= (2m)d(E; — E)Au(p' — p)

with

A, (0 —p) = / d*x A, (x)e PP,
Then we write
(p'[iT|p) = iM(2m)5(E; — E;)
with
iM = —iei(p' )y u(p)A,(p' — p).
The discussion of Section 4.5 then holds with this modification of the matrix element.

We can then write
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(M (2m)6(E; — Ey).

We integrate this over |ps| = py:
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since py = | /Ej% —m?, dpy = ErdE;/ EJ% —m?2. We can then write
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This gives
do _ |pi| IM|”

dQ  16m2Ev;
(c) In the case of a Coulomb potential we have

Ao:ﬁ At =0.
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Then,
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We take the z-axis to coincide with q and write q - x = ¢ r cos . We also introduce

a slight imaginary component to ¢ which we will take to zero afterwards. Then

Ap(q) = hm — dr r dcos e~ iain)r cosd
pu—0 _1

p—0 —2i(q — i
Ze ( 2 )
= lim .
n=0 —2i(q —ip) \i(q — ip)
Ze
e ?

We know that |p;| = |ps| = p because of the delta function in energy. Then if the

particle is deflected by an angle 6, g = py — p; = p(1 — cos0)z — psin §z. This gives
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q* = 2p? (1 — cos ) = 4p?sin?(A/2). Then we can write the amplitude as

i 7025 ()0
iM = —Zeuw)n ulp)
4p? sin®(6/2)

We write
e e\  [vme
VDG € vm §

in the nonrelativistic limit. Therefore in the nonrelativistic limit

u(p) =

u(p' )y u(p) — 2me'E = 2m

since ¢ is normalized. Using this we get that

—iZe*m
- .
2p2 sin®(0/2)

_ 2mila
— mw?sin®(6/2)

M

since p = mwv in the low energy limit. Looking at the result for the differential cross

section we see that in the non relativistic limit it becomes

do M
dQ 1672’

Putting this all together we get the desired result

do a*Z?
dQ  4m2vtsin®(0/2)2




