QUANTUM FIELD THEORY I
Physics 443 - Fall Quarter, 2005 - University of Chicago
PROBLEMS DUE TUESDAY, OCTOBER 18

Problem in text Subject

3-1 Lorentz group
3-2 Gordon identity
3-6 Fierz transformations

In early editions of the text, there is a misprint in the statement of Problem 3-6 (a). There

should be no comma in the equation which normalizes the 16 matrices I'4. See
http://www.slac.stanford.edu/ "mpeskin/QFT.html

for a complete list of corrections to the text.

Solutions — Problem Set 2
David McKeen — October 18, 2005

Problem 3.1

(a) We use the algebra
[JH JP7] = i (g"PJHT — gMPJv — g¥ JH 4+ gho JvP)
and define
L'i — leijkjjk: Kz — JOi
2 ’ )
We then find that the commutator of rotations is

[Li’Lj] — ieiklejmn |:chl’ Jmn:|

— _zeiklejmn (5lkan . 6kaln - 5ankm + 6knJlm)

4
— _Z (eiklejlnjlm _ 6ilchjlmJln _ 6z’lclejmlchm + eiklejmkjlm)
= —iJ7" =i JV

= eIk LF,

The commutation relation for boosts is
[ K] = [, 7]
= (giOJOj _ QOOJij _ gijJOO + QOjJiO)
= —iJ" + 167 J%

= ik Lk,



Commuting a rotation and a boost gives
[Li’Kj] _ %eikl [Jkl7 JOj]

_ éeikl (glo’ JEi _ g0 gli _ gli kO | ki JlO)

% (ez'kjjko _ eilelO)

_ 1 (eiijk 4 ez'lel)

= 7;281’91(’“.

We define J. = L' + iK". The orthogonal combinations commute with each other

[J2, 7] = % [L'+iK', [’ — iK]
% {[L, 7] =i [l K] +i[K', L] + [K*, K]}
= {RIE i (e EY) i (i RE) — i IF)
= 0’

and individually satisfy the angular momentum commutation relations:

—_

[(Ji, Ji] = < [L' £ iK', L7 £ iK7]

s

= - {[Li L) +i [l K7 +i [K', 7] — [K', K]}
{ze”kLk +1 (ze”kK’“) +1 (ze”kKk) + ze”kLk}
= 56”’“ (L* +iK")

= ie”kJi.

(b) For the (3,0) representation we want J: = % and J% = 0. We can accomplish this by

taking L' = 1K". This gives us L' = % and K* = —*2. We plug into the transformation law for
®, getting

O(1gy = (1—i0'L' —if'K')

(1 —20’ ;L )

2
transforming as does ¥y, in Eq. (3.37) of Peskin and Schroeder.



For the (0, 3) representation we want J_ = 0 and J% = % We take L = —iK! = %l We plug
into the transformation law for ®, getting

04

57
)—) <1—29 5 + B 2)@
transforming as does ¥y in Eq. (3.37).

(C) We write

VO Ve V)2 i
(I>( ): :VNO'H.
Vitiv? vO-ys

[V
N[

We then see that

®(11) (1 — iei%i + ﬁ%) Vig, (1 + w% + ,3%)
=V, - iﬁi%iV“ﬁu + ﬁi%iV“ﬁu + iV“%H"%i + V“ﬁuﬂ’%i +...
=Vk5, — %V“Hi [0,5,] + %V“ﬁi {o',5,}+...
= Vg, = SV [0%,0") + SV96 [0, 07] + VO {o',0%) = SVIB {00} + ...
We have
[0",0%] =0 (0", 07] = 2i"*o*
{o",0°} = 20" {0%,07} = —24%

Using this we get

) = Vio, + SV (2ic70) + SVOB (207) — SVIg (~26Y)

=V," — €kgVIigk 4 gV 0t 4 BV, (1)

Now, we wish to show that this transformation law for V,o* = (I>( ) is the same as what we’d
272
get by starting with the assumption that V,, transforms as a 4-vector. In that case,

Vio" = Vo = Swag (1), Vo

o
with

(J°%) =i (8288 — 5257) .

j1i%



Using this for for (J ap )uv we get

V.ot — Vot + 1wag (6260 — 6567) VVot
=V, o' +w, V"
= V,0" + woV' —wip V0" — w;; Vo
= Vot + BV 4+ BVt — ikghy i g

where we have used wop; = —wjp = (° and wy; = w¥ = €7%9¥. We see that this is the same
transformation as in Equation (1). We conclude that V# transforms as a 4-vector.

Problem 3.2

Using the definitions of o*” and ¢* we see that
1;0""“/ 1 14 14 v v
ot = =7 — (V"D = VP, = VY e + ) -
2m dm
Using v#v¥ = 2¢"Y — v+* we write this as
Yosud

1 v v v 1%
o = —% (9" P, — vy, — Y Py + 97 D0)

— (A B i
2m V" + " F—p" =)
The Dirac equation gives pu(p) = mu(p) = @(p) # = mi(p). Using these results we can write
ot 1

o qu(p) = —mﬂ( p') (my* + y*m — p™* — p*) u(p)

u(p')

N

_ 1
= u(p)r"ulp) — 5 —ul@) (0" +p*) ulp)-
Rearranging this we get the Gordon identity:

prtp” | o™
2m 2m

u(p' )y u(p) = a(p')

u(p).

Problem 3.6

(2) One can verify that the following 16 4 x 4 matrices satisfy tr [PATE] = 4545

Fl =1 P5 — 273 1‘\9 — 0_12 1-\13 — ,}/1,)/5
F2 — 70 Fﬁ — 2-0_01 FIO _ 0_13 F14 — 7275
FS — ’L’)/l P7 — 20_02 Fll — 0.23 F15 — ,}/375
F4 172 F8 — 20_03 F12 — Z,YO,Y.S F16 ,}/5



(b) Note: All repeated indices labeling matrix elements are assumed to be summed over.
The matrices are orthogonal and complete,

tr [[T?] = TATE = 4647

17 Jt

I/Vij == Z CAP;;-.
A

where W is an arbitrary 4 X 4 matrix. We can use these relations to write

= %tr (wT4)

or
ZF T Wi,

From this we can see that
- Z TAT4 = 0uin-

Now,
(aerUQ) (123FBU4) =1 u2u3u4FAFB
= (5ia5lﬁ) (0550k+) U1U2U3U4F F
=7 ZF{{F TP audubulT 4,5

1
:16 (T, TAT8 T wdwdabul TIT Y,

7

=7 Z tr (MT40PT8) @l udabu, TGT L
C,D

= ZCABCD (achu4) (anguz)
C,D
with

1
Cp = gt (rerr°r?).

(c) In the case of (@ uz)(@zus) we have T4 =T = 1 and so we have

1 1
CABCD — 1_6tr (FCFD) — Z5CD



Thus we have
Z (a1PCU4) (ﬂgPC’U,Q)

{(@rus) (zuz) + (@17 ua) (37 us) — (@y'ua) (T37'uz)

(U1uz) (U3us) =

e e~

— (u10"ua) (U30%up) + (@10Yus) (G30"7us),; = (@17°7"ua) (U37°7°u2)

+ (w7"7'ua) (37°7'u2) + (w17°ua) (u37°u2) }
1 1 1
= 7 (@ua) (Gsuz) + 7 (@7 ua) (Gyyuuz) + ¢ (010" 1) (U305 u2)
1 1
1 (Y7 us) (G777 uz) + 1 (817 us) (G357 uz)

To get the Fierz identity for (@;y*us2)(@3y,us) we note that it transforms as a Lorentz scalar.
This means that each term in the decomposition must also transform as a Lorentz scalar. Thus
we can write:

(17" ug) (Uayuus) = c(Trug) (Uaug) + B(U17" uq) (Uzy,u2) + (U107 us) (W30, u2)
+ 5(7?&1’)/”75114)(@3%75“2) + p(@17°ua) (37 us).
First note that
VAP v = (29" — ") (265 — 7u77)
= 4¢""6; — 26" 7,77 = 2009 + "V’
= 44°".

So, the coefficients of the o terms involve tr (0#7v*0,,7,) X g, = 0 since p # 0. Thus we set
v = 0 in the decomposition above. The remaining coefficients can be calculated in terms of the
traces involving the time component only. We get

1 1
a= Etr (Yv) = Ztr (1) =1.
1
B = —tr (7*v*+°,)
16
1 1
=——tr (/"% = -
8rh7) 5

5= otr [(1°7°) 7 (1)

16
:%UWWW%Q=—%
p=%“h%%%ﬂ
=~ () = -1

Thus we can write

1 1
(@Y u2) (dsy,us) = (G1ua)(Usus) — 5(%7“”4)(@3%“2) - 5(5017“75“4)(@37“75“2) - (a175u4)(ﬂ375u2).



