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PROBLEM DUE THURSDAY, APRIL 26

In our notation, the Dirac field has the expansion (three-vectors are denoted p, etc.):
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where the Dirac spinors are
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and y,, & are two-component Pauli spinors for particles and antiparticles. We showed
in class that the Hamiltonian could be written

H =Y Ey(bfbys + dfydg) (3)
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(1) Find the expansion in terms of momentum-space creation and annihilation oper-

ators for the three-momentum operator

P= /d3x WH(—iV) . (4)
(2) Find the corresponding mode expansion for the charge operator
Q= [dwviy. (5)
ANSWERS

(1) In the expression (4) for the momentum operator, there will be a double mode
sum. The field operator 1 contributes a plane wave factor 7%, on which —iV gives a
factor 5, multiplying the product by suq (7, s), and a plane wave factor =%, on which
—iV gives a factor —p, multiplying the product d;;,sva(ﬁ, s). As in the calculation of

the Hamiltonian H, we use the identities
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Then the double mode sum over 7 and p’ reduces to a single mode sum. Moreover,

as in calculating H, we may use the identities

ul (5, 8" u(, 5) = v (7, 5')v (B, 5) = 2B6ss , 0'(=p, 8" )u(p, 5) = u' (=7, s")v(F,s) = 0.

Thus we are left with
P =3 plbf bps — disdl ] = 3 010 bgs + df d5] (8)
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where the effect of the constant gotten by interchanging the d and d' operators van-

ishes when summed over all p.

(2) Here one uses the same results as in part (1) but the calculation is simpler as

there is no —iV operator. The result is then

Q= ZW ris + dgsdf | €)

which can be rewritten, subtracting an infinite constant which may be thought of as

the charge of the filled Dirac sea, as

Q Z bT b" p,s] (10)

This last result also can be obtained immediately if one is careful to define the charge

in terms of normal-ordered operators as

Q=[dz : vlv ;. (11)



