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1. Introduction

For the last several years, I have been studying as-
tronomical nebulae, and the work has slowly led to
a desire to know more about atomic structure cal-
culations. The state of these nebulae (temperature,
densities, abundances, etc) are typically constrained
through the use of diagnostic emission line ratios as
detailed in Osterbrock & Ferland (2006). For example,
doubly ionized oxygen is characterized by a triplet 3P
ground state and two singlet excited states, 1D2 and
1S0, that are of sufficiently low energy to be collision-
ally excited by free electrons in nebulae with tempera-
tures in the 10, 000 K range. Typically, the number of
radiative decays from 1S0 into 1D2 can be assumed to
be small compared to the number of collisional excita-
tions from 3P into 1D2 so that the relative transition in-
tensities are proportional to their respective collisional
excitation rates. Consequently, this system provides an
excellent means of measuring electron temperatures in
astronomical nebulae assuming that the electrons more
or less follow Boltzmann distribution. Other systems,
such as S II, provide electron density measurements
and so forth.

The transitions involved in these so called “nebular
line diagnostics” are nearly always electric-dipole for-
bidden and consequently have long lifetimes (seconds
to minutes). This makes the laboratory determination
of transition rates extremely difficult if not impossi-
ble. In order to make use of these emission line diag-
nostics, we must therefore have highly reliable theo-
retical values for the involved transition rates that can
only be achieved through computational atomic struc-
ture calculations since the rates depend on terms like
〈i|O |j〉 where |i〉, |j〉 respectively the initial and final
state and O is an operator corresponding to the type
of transition in question. I have always found it quite
disturbing that each of my past quantum courses go
into the very basics of how one would carry out such

calculations, but never go past a few relatively sim-
ple systems. Motivated by this lack and somewhat
deceived by the examples of atomic structure calcu-
lations that I have seen in the past I set forth on this
project with the goal of writing my own code-base for
carrying out such calculations for any desired atomic
state. After a fair amount of investigation, I found that
this is far from feasible due to the complexity of the
problem at hand though I did write code that solves for
radial functions given a spherically symmetric poten-
tial. Typical packages created for teaching computa-
tional atomic structure (much less science level codes)
are on the order of 10,000 lines! Consequently, I have
scaled back the goal to presentation of techniques and
exploration of an existing package created by Robert
D. Cowan1. The techniques used by this code are de-
tailed in a rather massive tomb, Cowan (1981). This
text along with Fischer et al. (2000) and the course
notes form the primary references for this project.

The write-up begins with a brief review of one-
electron atoms since these system are relied upon both
mathematically and intuitively when making approxi-
mations for multi-electron atoms. I then proceed with
a presentation of approximation techniques starting
with Slater-Condon Theory which concerns itself with
the construction of a suitable basis for dealing with full
atomic wavefunctions. The remainder of the report re-
views methods involved in the central field approxi-
mation which attempts to account for electron-electron
interactions, the bane of atomic structure calculations,
with spherically symmetric potentials. This inevitable
leads to the Hartree-Fock equations and various means

1http://www.tcd.ie/Physics/People/Cormac.McGuinness/Cowan/
though it should be noted that the most recently released fortran
compilers are not backward compatible so an older one such as g77
must be used. Moreover, while the documentation recommends
the use of Cray supercomputers (circa 1980) for executing the
computations, the workstations provided to each astrophysics
graduate student are more than sufficient!
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of finding approximate solutions to them. Finally, we
carry out a few actual calculations using Cowan’s code
and compare predicted energies with experimental val-
ues. The level of success that these methods achieve is
quite astounding and surprising until one really spends
time thinking about how wavefunctions give the notion
of electron density physical meaning and realize that
the wavefunctions will tend to “fill one-another gaps
because of their repulsive interactions! Fill in the rest
as the project progresses.

2. One electron atoms

Solving for the structure of one-electron atoms can
be simply expressed as an eigenvalue problem, Hψ =
Eψ. If the Bohr radius (a0 = 0.53Å) is adopted as
the length unit, ~2 (~ = 6.58× 10−16 eV s) for angu-
lar momentum, and the Rydberg (R∞ = 13.6 eV) for
energy, the Hamiltonian can be put into a particularly
convenient, unitless form:

H =

[
−1

r

∂2

∂r2
+

1

r2
L2 + V (r)

]
. (1)

The potential of a one-electron atom is a central
field problem, V (r) = V (r), r = |r|, and separation
of variables may be used to vastly simplify the prob-
lem. As discussed in class, solutions come in the form

ψnlmlms(r, θ, φ, sz) =
1

r
Pnl(r)Ylml

(θ, φ)σms(sz)

(2)
where Ylml

are spherical harmonics, σms
is the spin

wavefunction, and Pnl is referred to as the radial
function. The radial function obeys the differential
equation

[
− d2

dr2 + l(l+1)
r2 + V (r)

]
Pnl = EPnl with

boundary conditions fixing Pnl(r) = 0 at r = 0,∞
and normalization imposed as an additional constraint.
The above radial ODE is relevant to any central field
problem, though when multiple particles are present, it
is only a piece of the puzzle.

As discussed in class, analytic solutions for the ra-
dial function exist for one-electron atoms in the form
Pnl(r) ∝ ρl+1 exp (ρ/2)L2l+1

n+1 (ρ) (where ρ = 2Zr
n

and L2l+1
n+1 (ρ) is a Laguerre polynomial) with energy

En = −Z2
/n22. While it is obviously not necessary

to numerically solve this problem since we have ex-
act solutions, doing to is an illuminating exercise. The

2Neglecting fine structure.

governing equation can be rewritten in terms of an ef-
fective potential which incorporates the so called cen-
trifugal term,

d2Pnl
dr2

= [Veff − E]Pnl, (3)

where Veff = V (r) + l(l+1)
r2 .

The radial function, Pnl, has the same sign as its
second derivative wherever Veff > E which precludes
satisfying the boundary condition at infinity if Veff >
E everywhere. Values ofE must therefore be bounded
from below and there must be a finite region in which
Veff < E. Here, Pnl must be concave toward the r-
axis indicating an oscillatory nature (recall the pictures
that often accompany derivations of the WKB approx-
imation). Now that we have this little insight, it is time
to attempt to solve the problem numerically and see
what happens.

The initial conditions for numeric integration can
be provided by the small r limiting form of the differ-
ential equation, Pnl ∝ ρl+1 and incorporated into the
following numeric scheme:

• Define f(r) ≡ Veff(r) − E and Y (r) ≡
Pnl(r)[1− 1

12h
2f(r)] (h is the stepsize).

• Get initial conditions for P (r0) and P (r1) from
Pnl ∝ ρl+1, neglecting normalization and with
the convention that ∂Pnl

∂r > 0 at r = 0.

• Iterate to higher radii using Y (rj) = 2Y (rj−1)−
Y (rj−2) + h2f(rj−1)Y (rj−1)

I wrote a simple IDL3 program to solve Equation 3
and played around, attempting various solutions. The
results reveal a connection between the boundary con-
ditions of Pnl and energy discretization: Pnl → 0 as
r → ∞ only when E = −Z2

/n2. At other energies,
attempts to solve Pnl result in fairly rapid divergence,
even for small changes in E (see figure 1). Energy dis-
cretization in the hydrogen atom arises from the need
to normalize the radial wavefunction. This is not sur-
prising since energy quantization in the hydrogen atom
is often derived from the need to truncate the power
series expansion for the sake of convergence at infinity
(see Griffiths, 4.2 ).

3Short for Interactive Data Language, my programming language of
choice.
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Fig. 1.—: Numeric solutions to the 2s hydrogen radial
function. A solid line shows the solution for E2 =
−12

/22 and the dashed lines show attempts at solutions
for E == 0.999E2, 1.001E2.

3. Complex Atoms

Naturally, the first step in treating an atom with N
electrons (1 ≤ N ≤ Z)4 is writing down the Hamil-
tonian to be used in solving the eigenvalue problem
HΨk = EkΨk for the complete atomic wavefunc-
tion. There are four terms5 that must be included in the
Hamiltonian,H = Hkin+He−n+He−e+Hs−o which
are the kinetic term, the electron-nuclear Coulomb po-
tential, the electron-electron interaction, and the spin-
orbit interaction respectively. These are given by

Hkin = −
N∑
i=1

∇2
i ,

He−n = −
N∑
i=1

2Z

ri
,

He−e =
∑
i>j

2

rij
,

Hs−o =

N∑
i=1

ξi(ri) (li · si),

where ri is the distance between the nucleus and the
ith electron, rij is the distance between the ith, and jth

electron and the spin-orbit interaction has been simpli-
fied with the notation ξi = α2

2
1
r

(
dV
dr

)
.

4Neglecting negative ions.
5Neglecting fine corrections

Each electron brings 4 variables with it (three space
and one spin) making for a total of 4N variables and
a highly intractable problem. Instead, approximate so-
lutions may be formed from candidate wavefunctions
with tunable parameters that are tuned via the varia-
tional method. However, even this becomes imprac-
tical when the electron-electron interactions are in-
cluded in their full glory even for a relatively small
number of electrons (say, N = 4). For problems of
spectroscopic interest, it is thus necessary to simplify
the Hamiltonian a great deal.

3.1. Slater-Condon Theory

The approximation process is best begun with a dis-
cussion of Slater-Condon theory which was developed
by Slater and independently by Condon and Short-
ley (Slater 1929). The general idea is to expand the
sought-after atomic wavefunction, Ψk in terms of an
orthonormal basis set, {Ψb}: Ψk =

∑
b

ykbΨb. The ba-

sis sets are infinite, but in practice, the basis set must be
restricted to a finite subset making the choice of basis
and subset an important factor limiting the accuracy of
the results that can be achieved with limited comput-
ing resources. For the time being, however, we assume
that the basis set is used in its entirety. The expansion
coefficients are found in the usual way by plugging the
expansion into the Schrödinger equation multiplying
on the left by a particular Ψb, integrating over phase-
space, and taking advantage of the orthogonality of the
basis set. This yields∑

b′

Hbb′y
k
b′ = Ek

∑
b′

ykb′ 〈Ψb| |Ψb′〉

= Ekykb

where Hbb′ = 〈Ψb|H |Ψb′〉. Recall that the matrix
form of the Hamiltonian, H = (Hbb′) is Hermitian
in general and real-symmetric in our case (Hbb′ =
Hb′b). So Equation 4 forms a set of linear, homoge-
neous equations with a non-trivial solution only when
|Hbb′ −Ekδbb′ | = 0. When expanded as a polynomial
in Ek, the determinant’s zeroes correspond to an en-
ergy level of the atom which can be substituted back
into Equation 4 yielding equations for the coefficients
which, in principle, can be solved for, but the process
becomes quite difficult for even modest N if exact so-
lutions are sought. However, if H is numerically diag-
onalized using standard algorithms and the expansion
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coefficients are written as a column vector,

Yk =

 yk1
yk2
...


then the relations in Equation 4 can be written more
simply as HYk = EkYk, a simple matrix eigenvalue
problem. Since H is already in diagonal form, the
eigenvalues and eigenvectors can be pulled right out
of H . Consequently, if (Hbb′) is computed in terms of
a suitable set of basis functions, determination of en-
ergy levels and wavefunctions is rather trivial and the
lionshare of the problem is identifying a suitable basis.

3.2. The Central Field Approximation

If the above process is to yield accurate results, the
choice of basis (or subset of a basis) must reflect the
electron-electron interactions, but it is these interac-
tions that make solving the problem exactly impossi-
ble: physical approximations must be employed. The
Central Field Approximation is perhaps the most natu-
ral choice and it proves quite successful. This approx-
imation assumes that the electrons move in a spher-
ically symmetric, electro-static potential which is in-
dependent of the other individual electrons but is the
time-averaged field of the N − 1 electrons. The prob-
ability distributions of the ith electron is of the form
φnlmlms

(r, θ, φ, sz) = 1
rPnl(r)Ylml

(θ, φ)σms
(sz)

6

and are referred to as spin-orbitals. The only differ-
ence with the discussion of the wavefunction for one-
electron atoms is that the radial function Pnl(r) is de-
termined by Equation 3 but with the averaged elec-
tron potential now incorporated into V (r). Of course,
methods for calculating V (r) have not been discussed
yet. For the time being, however, suppose that a good
form of V (r) has been decided upon. A few facts re-
garding Pnl will be appealed to:

• l dependence will exist

• bound solutions are discretized and numbered
by the principle quantum number n which cor-
responds to the number of nodes in Pnl

• By convention, Pnl is taken to be positive at
small r

• The radial functions are orthogonal in n: 〈Pnl| |Pn′l〉 =
δnn′

6neglecting to index the quantum numbers with i

This last condition ensures that 〈φα| |φβ〉 = δαβ where
α and β represent the quantum state (all of the quan-
tum numbers) of the spin-orbital.

The goal is to construct a basis set for the atomic
wavefunction and the spin-orbitals are only a step in
this process. The probability for a total atomic state
(electron i at position ri for i = 1, ..., N ) is given
by the product of spin-orbital probability densities,∏
i

|φi(ri)|2 leading to the adopting of basis functions

that are products of the form Ψ =
∏
i

φi(ri) where the

subscripts i are now understood to represent a set of
quantum numbers. The orthonormality of the product
functions follows directly from the orthonormality of
the spin-orbitals in the products.

We have, however, not found our basis set just
yet. From the class discussion, individual electrons are
completely indistinguishable so the probabilities must
be independent of electron transpositions. This condi-
tion is not satisfied by the product wavefunctions

φ1(r1) · · ·φi(ri) · · ·φj(rj) · · ·φN (rN ) 6=
φ1(r1) · · ·φi(rj) · · ·φj(ri) · · ·φN (rN )

and, since electrons are fermions, transposition should
be an antisymmetric operator. To achieve this, we
can apply the antisymmetrization operator, A ≡

1√
N !

∑
P

(−1)pP where P is a permutation and p is

the parity of P to create antisymmetric linear combi-
nations of product functions Ψ = AΦ where Φ is a
product wavefunction. It is certainly worth noting that
Ψ = 0 if any two spin-orbitals are identical, expressing
the exclusion principle. Moreover, whenever two elec-
trons occupy the same position in phase space, Ψ will
again be zero and, since Ψ is continuous, this indicates
that whenever two electrons occupy nearly the same
state, Ψ is small. These properties follow from ba-
sic properties of determinants since the antisymmetric
functions, Ψ, can be rewritten as Slater determinants:

Ψ =
1√
N !

∣∣∣∣∣∣∣
φ1(r1) φ1(r2) φ1(r3) . . .
φ2(r1) φ2(r2) φ2(r3) . . .

...
...

...
. . .

∣∣∣∣∣∣∣
The Slater determinants (also called determinan-

tal functions), however, need not be eigenfunctions
of total angular momentum. Since we wish the ba-
sis functions to be as close as possible to the ac-
tual atomic wavefunctions, linear combinations of
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Slater determinants with the same values for ni and
li are be taken so that the results are eigenfunc-
tions of J2 with the desired eigenvalues. This pro-
cess is known as coupling and it can be performed
either before or after the antisymmetrization. The
results are sometimes referred to as configuration
state functions or coupled basis functions. For ex-
ample, consider an atomic configuration, 1s22s22p2.
There are fifteen Slater determinants and fifteen cou-
pled basis functions that can be formed from these
corresponding to different combinations of ml and
ms. These are {L = 0;ML = 0;S = 0;Ms = 0},
{L = 2;ML = −2,−1, 0, 1, 2;S = 0;Ms = 0}, and
{L = 1;ML = −1, 0, 1;S = 1;Ms = −1, 0, 1}.

3.3. Equivalent Electrons and Subshells

Spin-orbitals with the same n and l quantum num-
bers are referred to as equivalent and when speak-
ing loosely electrons with those same numbers are
called equivalent electrons. Sets of equivalent elec-
trons, denoted by nlw 7 are referred to as a subshell
or a shell. Each subshell allows 2(2l + 1) electrons
8, and a subshell with 2(2l + 1) electrons is referred
to as a filled or closed shell while unfilled shells are
called open. Filled subshells are particularly conve-
nient things as the result of Unsöld’s theorem. Simply
put, in a filled subshell, for each spin-orbital, mlms

there is an “antipodal” spin-orbital with−ml and−ms

consequently, a filled subshell does not contribute to
L, S, and J . Moreover, they form 1S0 states and, by
analogy to an s state electron, should be spherically
symmetric 9. As such, filled subshell’s do not con-
tribute to the energy-level structure of an atom and the
notation 1s22s1 may be shortened to 2s1 and similarly
or other atomic configurations.

4. Configuration-Average Energies

Before going into discussions of how to calculate
the radial equations for spin-orbitals, it is convenient to
develop some theory regarding the energy of an elec-
tron configuration. The spherically averaged atomic
energy is given by Ē =

∑
b

〈b|H|b〉/# of basis functions

where the sum is taken over basis functions belong-
ing to the electron configuration in question. This en-

7w is the occupation number
82l + 1 for the possible values of ml and twice that for spin ±1/2.
9This can be verified by summing a filled subshell and noting that the

spherical harmonics cancel.

ergy is also referred to as the center of gravity energy.
As discussed previously, the Hamiltonian is the sum
of four terms, Hkin, He−n, Hs−o, and He−e,. The first
three are operations that act on single electrons and
may be written in the form

∑
i

fi ≡
∑
i

f(ri) where ri is

the spatial and spin coordinate. The electron-electron
interactions must take the more complicated form of

two electron operators,
N∑
i=2

i−1∑
j=1

gij ≡
∑
i>j

g(ri, rj). It

should be noted that since electrons are equivalent, we
should write the spin-orbit terms in the form gij =
(li·sj+lj ·si)/2.

The current goal is to study the diagonal matrix el-
ements for these operators. For product functions or-
thonormality allows significant simplification,

〈Ψ|
∑
i

fi |Ψ〉 =
∑
i

〈ϕ1ϕ2 . . .| fi |ϕ1ϕ2 . . .〉

=
∑
i

〈φi| fi |φi〉

= 〈i| f |i〉

Similarly for the the two electron operator,

〈Ψ|
∑
i>j

gij |Ψ〉 =
∑
i>j

〈ij| g |ij〉

With this in mind, it is possible to determine the
center-of-gravity energy of an electron configuration.
First, consider the diagonal element of the spin-orbit
interaction,

∑
i

〈αi| ξl · s |αi〉 where αi represents the

all of the relevant quantum numbers. When averaged
over all basis functions, we have a −msi for each msi

so that the sum goes to zero due to its dependence on
l · s; the spin-orbit term makes not contribution.

The remaining terms can be written as

Ē =
∑
i

〈i| − ∇2 |i〉+
∑
i

〈i| − 2Z/ri |i〉

= +
∑
i>j

[
〈ij| 2/rij |ij〉 − 〈ij| 2/rij |ji〉

]
.

The binding energy of the nili electron is Ei =

Eik + Ein +
∑
j 6=i
Eij where the first two terms are the

kinetic and nuclear energies respectively and the third
is from electron-electron interactions.
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The center-of-gravity energy becomes

Ē =
∑
i

Eik + Ekn +
1

2

∑
j 6=i

Eij


=

1

2

∑
i

(Eik + Ein + Ei),

the kinetic energy and potential energy of the electron-
nuclear interactions combined with the spherically-
averaged electron-electron interaction energy. Each of
these terms is now considered in succession.

First, the kinetic term. The gradient of ϕ may be
written −∇2 = − 1

r
∂2rϕ
∂r2 + l(l+1)

r2 , and the kinetic
term simplifies to a single radial integral (using the or-
thonormality of Yi and σi),

Eik ≡ 〈i| − ∇2 |i〉

=

∫ ∞
0

P ∗i

(
− d2

dr2
+
li(li + 1)

r2

)
Pidr. (4)

So if we know the radial functions, the kinetic energies
can be evaluated numerically.

The electron-nucleus interaction energy results in
another radial integral,

Ein ≡ 〈i| − 2Z/r |i〉

=

∫ ∞
0

−2Z

r
|Pi|2dr. (5)

The evaluations of the electron-electron interaction
term is a more tedious process and I will not outline
it as this would likely take several pages. Instead, I
simply quote the result from Cowan 1981, pg. 163-
164:

Eij ≡ F 0
ij −

1

2

∑
k

(
li k lj
0 0 0

)2

Gkij , (6)

Eii ≡ F 0(ii)

− 2li + 1

4li + 1

∑
k>0

(
li k li
0 0 0

)2

F k(ii) (7)

where F k(ij) and Gk(ij) are the Slater integrals de-
tailed in Slater (1929). The Slater integrals can be eval-
uated numerically given Pi and Pj . With this refer-
ence and the above equations, it is possible to calculate
a configuration-average ionization energy which is re-
lated to, but not equal to, the atomic ionization energy.
The quantities will, however, become useful when at-
tempting to find numeric solutions to the radial func-
tions

5. Computations of the Radial Equation

At long last, it is time to address methods of deter-
mining the radial functions, ϕi = 1

rPniliYlimli
σmsi

,
of the spin orbitals. Since we know now how to
go about making linear combinations of these spin-
orbitals to create good basis functions, and, once we
have a suitable basis, know how to get the atomic
wavefunctions and corresponding energies. The goal
is to setup Pi in a way that minimizes the energy of
the configuration so that perturbations δPi (that do not
violate orthonormality) do not change the energy of
the system. The orthonormality condition is a seem-
ingly awkward restriction, but the usual method of La-
grangian multipliers will suffice and may be written in
the form εijwiwj . The minimization condition is

δ

Ē −∑
j

εjjwj

∫ ∞
0

P ∗j Pjdr

∑
j

∑
t6=j

δlj ltεjtwjwt

∫ ∞
0

P ∗j Ptdr

 = 0.

But it can be re-expressed in terms of the electron
center-of-gravity energies discussed in the previous
section:

δiE
i
k + δiE

i
n +

1

2
(wi − 1)δiE

ii +
∑
j 6=i

wjδiE
ij

= εiδi

∫ ∞
0

P ∗i Pidr +
∑
j 6=i

δlj liwjεijδi

∫ ∞
0

P ∗i Pjdr

+
∑
j 6=i

δlj liwjεjiδi

∫ ∞
0

P ∗j Pidr. (8)

5.1. Hartree-Fock Equations

Substituting the expressions for Eik, E
i
n, and Eij

(Equations 4, 5, and 6 from the previous section) into
Equation 8 above yields a set of equations, one for
each value of i. Without loss of generality, we may
take Pi to be real and εij = εji. The integrals from the
above equation can then be evaluated and, assuming
that the perturbation is a function of compact support
and that the radial function does not vary significantly
over it’s support, we arrive at a set of equations (one

6



for each subshell)[
− d2

dr2
+
li(li + 1)

r2
− 2Z

r
− (wi − 1)Ai(r)

∑
j

(wj − δij)
∫ ∞

0

2

max(r, r2)
P 2
j (r2)dr2

Pi(r)
= εiPi(r) +

∑
j 6=i

wj
[
δlilj εij +Bij(r)

]
Pj(r)

where

Ai(r) =
2li + 1

4li + 1

∑
k>0

[(
li k li
0 0 0

)2

. . .

∫ ∞
0

2 min(r, r2)k

max(r, rk)k+1
P 2
i (r2)dr2

]
and

Bij(r) =
1

2

∑
k

[(
li k li
0 0 0

)2

. . .

∫ ∞
0

2 min(r, r2)k

max(r, rk)k+1
Pi(r2)Pj(r2)dr2

]
These are the Hartree-Fock Equations. Due to their

extended nature, it is well worth reviewing the terms
and their physical significance. The first two are eas-
ily recognizable as arising from kinetic energy and
the third is equally easy to recognize as the electron-
nuclear Coulomb potential. The terms with a La-
grangian multiplier, εij , in truth, need not be included
though it is certainly convenient to leave them in place
as it ensures that the solutions will be orthonormal.
Moreover, the Lagrangian multipliers are of physical
significance: multiplying the Hartree-Fock equation
on the left by P ∗i = Pi, integrating over r, and using
orthonormality yields εi = Ei.

The terms involving Ai or Bij arise from exchange
forces among equivalent electrons.

In order to determine the physical significance
of the remaining term, we will go through a semi-
classical argument analogous the one used by Hartree.
Consider a single, spherically averaged electron. The

density is ρj(r) =
P 2

j (r)

4πr2 where j labels the sub-
shell. Placing this spherically averaged electron cloud
around a nucleus of charge Z, consider a test charge
in the sphere. From basic physics, the charge lying
outside of a sphere drawn at the test-particle’s radius
exerts no force on the test charge and the charge inside

may as well be treated as though it were at the cen-
ter. The potential energy of the test charge is therefore
V (r) = − 2Z

r + Vc where
∫∞

0
2

max(r,r2)P
2
j (r2)dr2

if the test charge is an electron. Vc is the classi-
cal potential energy due to the spherically averaged
electrons. The first term is the result of the nucleus
while the second is the test electron’s interaction with
the spherically averaged electron. If there is more
than one spherically averaged electron, then the po-
tential is a sum of such terms, making it clear that the
VH ≡

∑
j

(wj − δij)
∫∞

0
2

max(r,r2)P
2
j (r2)dr2 term in

the Hartree-Fock equations is due to the averaged field
of the other, N − 1 electrons.

5.2. Solving the Hartree-Fock Equations

The Hartree-Fock equations form a set of cou-
pled integro-differential equations making the only
recourse for solving them iterative methods. The basic
procedure is to adopt a set of trial radial wavefunc-
tions, Pj(r) and compute VH , Ai, Bij , and εij though
the last of these must be estimated by an additional
iterative step. The Hartree-Fock equation then allows
for the solving of a new Pi(r) (by any of a number
of ODE system solving algorithms) yielding a new
set of radial trial functions. These steps are repeated
until the trial wavefunctions from successive steps are
equal to within some desired precision and orthogo-
nal (also to desired precision). The results are then
“self-consistent”, and this technique is often referred
to as a self-consistent-field (SCF) method. In fact, it is
typically better to insert some inertia into the numer-
ical technique by defining the new test function as a
linear combination of the input and output functions:
Pm+1
i = cPmi (output) + (1 − c)Pmi (input) with c

chosen by trial and error (values of c ∼ 0.5 tend to
yield good convergence results).

Once the input functions have been used to calcu-
late the integrals and sums in the Hartree-Fock equa-
tions, we are left with a series of coupled ODE’s that
must be solved in order to get the output functions, and
we have the additional problem of having unknown
Lagrange multipliers. Perhaps the simplest method for
solving this is as follows:

1. Begin with the boundary condition Pi(0) = 0
and note that for small r, electron-electron terms
may be neglected when compared to the nuclear
term. In this regime, the differential equation
therefore reduces to a one-electron form so that
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Pi ∝ rli+1 as before, enabling calculation of
the two initial conditions (for each electron) re-
quired for starting off a solution to the second-
order ODE system.

2. Pick values for the Lagrangian multipliers.

3. From the general theory of ODE’s, any solution
of the Hartree-Fock equation can be written as
a linear combination of solutions for the homo-
geneous (eij = Bij = 0) and inhomogeneous
forms: Pi(r) = P Ii (r) + αPHi (r). In principle,
both P Ii and PHi can be solved for numerically
given the initial conditions and values for the La-
grangian multipliers. Even the simple second
order ODE solver used for the Hydrogen atom
earlier may suffice.

4. Choose α so that Pi(r)→ 0 as r → 0.

5. Compute the L2 norm of Pi.

6. If the norm is not unity, adjust the Lagrangian
multiplier and iteratively repeat (starting with
step 3) in an attempt to normalize Pi.

7. Repeat until the desired precision is achieved.

Unfortunately, the process of iterating to estimate
the Lagrangian multipliers is complicated and insta-
bilities abound. For one-electron atoms,we saw that
there is only a discrete set of εi = E that will lead
to normalizable solutions making the selection of ei
a non-issue. In the Hartree-Fock equations, normaliz-
able solutions exist for all ei except at a discrete set
of values. If the Lagrangian multipliers are behaving
as desired, the numerical solutions should be normal-
ized, but in some cases (particularly in d and f orbitals)
there are multiple choices for the multipliers that lead
to a normalized wavefunction. Generally, one of these
choices will allow convergence to a self-consistent so-
lutions while the others will not. These difficulties can
be dealt by clever tricks that prevent numeric instabili-
ties or by making approximations of the Hartree-Fock
equations. We will go over the latter approach in the
next section.

6. Local Potential Methods

Common methods of approximating the Hartree-
Fock equations involve differential equations of the
form[
− d2

dr2
+
li(li + 1)

r2
+ V i(r)

]
Pi(r) = εiPi(r)

where V i is a potential in which the electrons move.
Not surprisingly, using this method gets rid of all of the
problems discussed in the last paragraph of the previ-
ous section since it is a system of homogeneous ODE’s
of relatively simple form. Methods of finding solution
remain more complicated than when solving for one-
electron spin-orbitals, however, since V i(r) depends
on all of the radial functions so a self-consistent-field
iteration is required. The remainder of the project con-
sists of a review of various approximations of this kind.

6.1. Thomas-Fermi and Thomas-Fermi-Dirac
Methods

The first and simplest of these methods are due
to Thomas, Fermi, and Dirac. First, assume that the
N electrons are described by a spherically symmetric
number-density, ρ(r) characterized by a support of ra-
dius r0 (possibly infinite). The electrons are modeled
as a T = 0 free-electron gas so that the kinetic energy
densities obey dEk/dΩ = (3/5)(3π2)2/3ρ5/3(r). This
leads to a potential,

VTF (r) = −2Z

r
ϕ(x)− 2

r0
(Z −N),

x ≡ r/µ,

µ ≡ 1

4

(
9π2

2Z

)1/3

,

where ϕ is a solution of ϕ′′ = ϕ
3/2
/
√
x with boundary

conditions ϕ(0) = 1, ϕ(x0) = 0 and x0ϕ
′(x0) =

−(Z−N)/Z.
The advantage of this method is its simple form

and, moreover, it gets rid of the need for an SCF itera-
tion. Iterations must be used to find the energy eigen-
values, but the potential is the same for each electron,
and the radial wavefunctions are automatically orthog-
onal. This ease comes as a significant cost, however:
for small r, ρ goes to infinity as r−3/2, at large r, it goes
to zero as r−6 rather than exponentially, and each elec-
tron energy contains a spurious self-interaction. The
Thomas-Fermi-Dirac model improves this somewhat
through the inclusion of an exchange term in the po-
tential energy:

VTDF = −2Z

r
ψ +

1

16π2
− 2

r0
(Z −N)

where ψ solves the ODE ψ = x

[√
ψ
x + β0

]3

with

boundary conditions ψ(0) = 1, ψ(x0) = β2
0x0/16, and

x0ψ
′(x0)− ψ(x0) = −(Z−N)/Z where β0 =

√
µ

2π2Z .
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This method yields appreciably better results, par-
ticularly when a simple means of correcting self-
interaction is used. For large radii, V tends to
−2(Z−N)/r instead of −2(Z−N+1)/r as it should in both
techniques. This can be remedied by the simple modi-
fication of setting V i(r) = min {V (r),−2(Z−N+1)/r}.
Nevertheless, true SCF methods remain significantly
more accurate. It should be noted, however, that in
both of these methods, r0 is a tunable parameter and
may be chosen in a semi-empirical manner so that the
calculated energy levels match those from experiment.

6.2. The Hartree Method (H)

The simplest SCF method for approximating the
Hartree-Fock equations was developed by Hartree us-
ing VH (defined previously) in the Local Potential
equation, V (r) = − 2Z

r + VH(r). This method does
not include any exchange terms and the potential is
not attractive enough leading to underestimates of the
binding energies (in magnitude) as will be seen later.

6.3. The Hartree-Fock-Slater Method (HFS)

The next method, HFS, is an improvement on the
Hartree method that incorporates aspects of the TFD
approximation. The electron-electron interaction ener-
gies are computed from the radial wavefunctions, but
the exchange terms are from a free-electron gas ap-
proximation. The mean exchange energy per electron
in such a gas is − 3

2

(
3ρ
π

)1/3
, and averaging out over

momenta yields Eiex = − 3
2

(
24ρ
π

)1/3
. With this in

mind, the HFS potential energy is

V i(r) = −2Z

r
+ Vc(r)−

3

2

(
24ρ

π

)1/3

where Vc is the semiclassical potential from earlier ar-
guments (not sure if this is included, need to do so).
Oddly, the classical potential is used specifically be-
cause it includes self-interaction. The density, ρ in-
cludes all of the electrons so the self-exchange term
also includes self-interaction and it is hoped that the
two will more or less cancel one another. An impor-
tant reason for the original use of this method is the
fact that V i is the same for each electron so that a
great deal of computing time can be saved at each step.
The main problem with this technique is that the self-
interaction terms from the classical potential and the
exchange potential cancel out only in an approximate
sense.

6.4. Hartree-Plus-Statistical-Exchange (HX)

The self-interaction problem associated with the
HFS method may be gotten rid of by using the Hartree
potential, VH rather than the classical one. This, how-
ever, leaves us worse off because the exchange terms
do include self-interaction. A new exchange term
which gets rid of self-exchange in a statistical sense
must be used:

V i(r) = −2Z

r
+ VH(r) + Vx(r)

Vx should have the following properties since it is, at
the end of the day, being charged with the replacement
of Ai, Bij , and εij .

1. It must go to zero for single-electron configu-
rations and for any ns2 system since exchange
occurs only for electrons with parallel spin.

2. The eigenvalues from the Local Potential Equa-
tion should be the one-electron binding energy
derived form the radial functions.

3. The radial functions should be orthogonal in n.

This begins with a density, ρ′ that does not in-
clude self-interaction and also does not include con-
tributions from parallel spin electrons. With this in
mind, ρ′ = ρ − 2ρi where ρi is the density of the ith

electron seems a good choice. However, this does not
work well wi = 1 and must be modified to ρ′(r) =
ρ(r)−min (2, wi)ρi(r), suggesting that

Vx(r) = −3

2

(
24ρ′

π

)1/3

,

but it turns out that this form leads to overly-tight bind-
ing and the the second property from above does not
hold true (εi < Ei). A bit playing with results reveals
the HX method potential,

V i(r) = −2Z

r
+
∑
j

(wj − δij)
∫ ∞

0

2P 2
j (r2)dr2

max (r, r2)

− kxf(r)

[
ρ′

ρ′ + 0.5/(ni−li)

](
ρ′

ρ

)(
24ρ

π

)1/3

.

The two pre-factors in the last term, kx and f(r) are
corrections that come from experimentation. kx is
simply a number and typically is set to kx ∼ 0.65.
The functions, f(r) is almost always set to unity, but
if orthogonality cannot be achieved, it us adjusted to
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increase the effect of the exchange term. It is de-
fined by arranging the subshells by increasing eigen-
value and setting f to zero for subshell i except when
li−1 = li > 1 or both li−2 = li > 1 and wi−1 = 1. In
these cases, f is set to

f(r) =

{
1, r ≥ r0

1 + 0.7(1− r/r0), r < r0
(9)

where r0 is the position of the kth node of the radial
function in question (k is the number of subshells with
l = li, n < ni). Lastly, the term in brackets is intended
to decrease the exchange term for large radii (small ρ′).

I must admit that this is not a particularly satisfying
method since it has parameters that are adjusted “by
experience” to be as they are defined above. Neverthe-
less, the sole condition required to arrive at these cor-
rections is agreement between εi andEi, so the method
remains an a priori calculation. Furthermore, as will be
seen in the next section, it yields excellent results.

6.5. Calculations and Comparison with Experi-
ment

The package written by Cowan referenced in the in-
troduction allows one to carry-out the calculations de-
scribed in the previous section for individual atomic
states. I carried out several calculations of binding
energies using this program for comparison with ex-
perimental results compiled in Cowan (1981). The
results of the calculations are shown in Table 1. As
can be seen, the results are quire accurate to within
a few percent, but across the board, the binding ener-
gies are higher (less negative) than the experimental re-
sult. This is largely because the HX method (and other
approximations described in the previous section) ac-
count for neither relativistic effects nor electron corre-
lations. Since the spin-orbit wavefunctions are calcu-
lated, the first order relativistic energy correction can
be calculated using the same technique that we used
for the fine structure of the hydrogen atom in class.
The correlation corrections, on the other hand, are sig-
nificantly more difficult and they must either be done
in an a priori manner that is computationally intensive
or by motivating a form of the correction and tuning it
empirically as described in Cowan (1981). I am, how-
ever, more than satisfied with the results as they are!

7. Concluding Remarks

We have reviewed the basic methods involved in
computational atomic structure, though it cannot be

Table 1:: Total binding energies calculated with the
HX method and experimental results for Compari-
son. The experimental results are compiled in Cowan
(1981) and are originally from Moore (1970).

Atomic Configuration E (Ry) Experimental (Ry)

H 1s -1.00 -1.00
He 1s2 -5.72 -5.81
Be 2s2 -29.14 -29.33
C 2p2 -75.32 -75.67
N 2p3 -108.59 -109.06
O 2p4 -149.54 -150.15
Ne 2p6 -257.09 -258.10
Na 3s -323.72 -324.86

stressed enough that these truly are the basics. I have
not addressed truly relativistic calculations, configura-
tion interaction, effects of the nuclear structure, and the
effect of external fields. Moreover, though my initial
goal was to calculate actual oscillator strengths, radia-
tive transitions were mentioned only in passing. This is
due to the rather daunting nature of even basic atomic
physics, most of which is due to the electron-electron
interactions. These force us to resort to both numeric
and physical approximations when investigating the
atom from a purely theoretical standpoint. We begin
with the Hamiltonian, quickly find that it is too diffi-
cult to solve for the atomic wavefunction on its own,
and move to constructing basis functions that will aid
this calculations. These basis functions are constructed
from spin-orbital wavefunctions which are themselves
quite difficult to calculate. We went through a descrip-
tion of the Hartree-Fock equations (an approximation)
and then found means of approximating these equa-
tions using local potentials with particular emphasis
on the Hartree-Plus-Statistical Exchange method. This
produces accurate results for the ionization energies
as seen in Table 1. In the end I am left with a great
deal of appreciation for the heroic efforts of Hartree
and his colleagues, especially when considering that
some of their calculations were carried out with hand-
calculators and weeks of what must have been mind-
numbing labor. I am also left with a feeling of aston-
ishment that the results are quite good despite “the ap-
proximations within an approximations”.
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