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Problem 1

Suppose you had two particles of spin 2, each in a state with S, = 0. If you measured the total angular
momentum of this system, given that the orbital angular momentum is zero, what values might you get, and
what is the probability of each? Check that they add up to 1.

Solution

If there is no orbital angular momentum, then L = 0 and the total angular momentum J = L + S = S.
Therefore, J = 2 for each state and J, = 0. To find the total angular momentum of the system, one needs to
find the product of two |J J,) = |20) states. Using the Clebsch-Gordon coefficients page, we find

120)[20) = +/18/35[40) 4+ 0[30) —/2/7]20) +0|10) ++/1/5/00).

The probability to be in any particular state is given by the square of the coefficient in front of the state.
Therefore, the state can have J = 4 and J, = 0 with a probability of 18/35, J = 2 and J, = 0 with a probability
of 2/7, and J = 0 and J, = 0 with a probability of 1/5. Adding 18/35 + 2/7 4+ 1/5, we do in fact find a total
probability of 1.

Problem 2
1/v/5 )

Suppose an electron is in the state ( 2/V/5

(a) If you measured S,, what values might you get, and what is the probability of each?
(b) If you measured S,, what values might you get, and what is the probability of each?
(c) If you measured S, what values might you get, and what is the probability of each?

Solution

(a) Let’s call the electron spinor ( g ), such that @ = 1/\/5 and 8 = 2/v/5. Now, the matrix corresponding

to S, is
N A0 1
Se = 2(1 0)' (1)

This has eigenvalues of +//2 and respective normalized eigenvectors of

« - (i)

Our spinor can be written as a linear combination of these eigenvectors

&Y B 1/vV2 1/v2
(5) = «(ia ) 57%) g
Now, the probability of S, = h/2 is |a|> and the probability of S, = —#/2 is |b|°>. We find from Eq. 2 that

a=1/v2(a+ ) and b =1/v/2(a — 3). Therefore, the probability of S, = h/2is a®> = 9/10 and of S, = —h/2
is b = 1/10.



(b) The matrix corresponding to S, is

s =50 0) ®

This has eigenvalues of £//2 and respective normalized eigenvectors of

e (il//@)

Again, we can decompose the spinor as

oY B 1/V/2 1/v2
(5) = (e )= (20%) @
This gives a = 1/v/2 (a — i) and b = 1/v/2 (a + i3). Therefore, taking the absolute squares of these gives us

that the probability of S, = h/2is a®> = 1/2 and of S, = —h/2 is b*> = 1/2.
(¢) The matrix corresponding to S, is
A h(f1 0
S = 2(0-1)' (5)

This has eigenvalues of +//2 and respective normalized eigenvectors of

and

The spinor decomposes like

=

(5) = e(o)=(V) L

This gives a = a and b = 3 giving the probability of S, = /2 is a® = 1/5 and of S, = —h/2 is b? = 4/5.

Problem 3

Use the results of Problem 4.19 in Griffiths to show that
(a) The commutator, [A, Bl = AB — BA, of two Pauli matrices is [0;, 0;] = 2i€;;,0%.
(b) The anticommutator, {A, B} = AB + BA, is {0;,0;} = 20;;.
(c) For any two vectors a and b, (0-a)(c-b)=a-b+ioc-(axb).
Solution
(a) Since 0,0, = 0;; + i€; k0%, We see that

[O'q;,O'j] = (71',0']'70']'0'1‘

= (Sij + ieijkak — 5ji - iejikak.

Now, since d;; = 6;; and €;5, = —€;;; by definition, the delta functions cancel and the Levi-Civita tensors add

to give

[0'7;,0'3'] = 2’L'61;jk0'k.



(b) Using the same relation, we find

{O’Z‘,O'j} = 040j +0j0'i
= 0jj + U610k + 0j; + i€550%
26

K

by the same reasoning as in part (a).
(¢) The dot product of two vectors is given by (with summation over repeated indices implied)

g-a = 0;a;.
Therefore, we see
(O’ . a) (U . b) = O’iaiO'jbj
= criajaibj. (7)

Now, again 0,0 = 0;; + t€;,0%, so Eq. 7 becomes

(0‘ -a) (0’ -b) = (5@‘ + ieij;gak) aibj
= ajbj + iakqjkaibj
= a-b+io,(axb),

a-b+io-(axb),

where we have used the fact that (a x b), = €;;1a:b;.

Problem 4

Determine the isospin assignments |1 I3) for each of the following particles (refer to the Eightfold Way diagrams
in Chapter 1 of Griffiths): Q—, ¥+, =%, p*, n, K°.

Solution

On the Eightfold Way diagrams, the particles are grouped together along similar horizontal lines to form isospin
multiplets. For instance, in the baryon octet on page 33, the neutron and proton are both on the same horizontal
line. Therefore, they form an isospin doublet of total isospin I = 1/2 (singlets have I = 0, doublets I = 1/2,
triplets I = 1, and so forth). However, it is important to note that the second horizontal line on the baryon
octet has four particles, but these form a triplet and a singlet, not a quadruplet. This happens when particles
share a similar position on the diagram. Therefore, the ¥’s form an isospin triplet with 7 = 1 and the A is a
singlet with I = 0. Finally, higher I3 states occur the further right you go on the diagram. Therefore, ¥ T has
|II3) =|11), % has |[I I3) = |10), and ¥~ has | I3) = |1 —1).

Now, looking at the baryon decuplet, we see that 1~ forms a singlet and therefore has a state |I Is) = |00).
We already saw that X7 is [ I3) = |11). In the baryon octet, we see that =° is in a doublet and has isospin
state |I I3) = ’% %> For pT, it’s a little different because this isn’t in one of the meson multiplets. However,
we do know that there are three possible charge states for the p and therefore this should form a triplet (much
like the 7’s ). In this case, p™ has an isospin state of |I I3) = |11). In the meson octet, we see that the 7 is the
singlet state sharing a position with 7%, so it has a state |I I3) = |00). Finally, looking at the meson octet, we
see that K© state is |1 I3) = |5 3).

Problem 5

What are the possible total isospins for the following reactions: (a) K~ 4+p — X +7t; (b) K~ +p— Xt 47
Find the ratio of the two cross sections, assuming one or the other isospin channel dominates.



Solution

(a) Let’s look at the reaction K~ +p — X~ + 7. The isospin state of the left hand side is (using the table of
Clebsch-Gordon coefficients to decompose the isospin product)

K‘+p:';—;>‘;;> = \%um—\%moy (8)

The isospin state of the right hand side is

1 1 1

Y4t 1 -1y = =200 - — —

N e LA

Since the initial isospin is either I =1 or I = 0, the I = 2 ket in the final state won’t actually occur in order to

conserve isospin. Therefore, the isospin is either I = 1 or I = 0. The scattering amplitude for this reaction is
then (given that there are two amplitudes, M; for the I =1 state and M, for the I = 0 state)

110) +——100). 9)

1 -1 -11
M, = ——=Mi+—=—2M
N NIV
1 1
= —= — —M,. 1
2/\/11 \/EMO (10)
(b) Now, for the reaction K~ +p — X + 7~ the isospin state for the right hand side is
St 1)1 —1) = -2 (2004 —=]10)+ - [00). (11)
V6 V2 V3
Again, we have either I = 1 or I = 0 for the isospin of the reaction. For this case, the scattering amplitude is
1 1 -1 1
My = ——=Mi+—=—72M
’ Va2t e BT
1 1
2/\/11 \/6MO (12)

Now, the ratio of the cross sections of these interactions goes as the ratio of the squares of the amplitudes,
that is

Ta IM,|?
Jp ‘Mb‘Q

‘%/\/h + %MO

’ 2

2
g
TIML® 4 5 M| [Mo] cos 0 + & [Mo|®
FIMu = 5 M| [ Mo| cos 6 + [ M|

where 0 is the angular separation in the complex plane of the two complex numbers M; and M. Now, if
My > My, we can divide through by § |M1|? and ignore terms of order |[Mo|* / |M;|* to see

[Mo|

4
Oa 1+%|M1|COSH
- 4 Mo
Op 1—%|M1|COSH
4 | Mol >< 4 Mo >_1
= 1+ — cos 1—-— cos 6
( V6 M| V6 M|
8 | Mo
1+ — cosf, 14
76 [M] (14



where we get the last term by binomial expansion. In the same way, if My > M; we can do the same to get

M
Oa l—i-\/éIM;ICOS@

o, 1—\/6}%3}0059
| M|
~ 1+2V6 cos 6. 15
Mol (13)

Therefore, from Eqs. 14 and 15 we see that the reaction K~ +p — X~ + 7 is slightly more likely than the
reaction K~ +p — X7 + 7~. This slight discrepancy is a bit more pronounced in the case that Mg > M.
However, they’re still very similar cross sectional ratios.

Problem 6

(a) The « particle is a bound state of two protons and two neutrons, that is, a *He nucleus. There is no isotope
of hydrogen with an atomic weight of four (*H), nor of lithium *Li. What do you conclude about the isospin of
an « particle?

(b) The reaction d + d — a + 7° has never been observed. Explain why not.

(c) Would you expect “Be to exist? How about a bound state of four neutrons?

Solution

(a) If *Li and *H existed, we would expect that these would perhaps form an isospin triplet (with I = 1) with
4He, with “Li having Is = +1, *He having I3 = 0, and *H having I3 = —1. However, since these other two
states don’t exist, *He should instead just be part of a singlet and therefore have I = 0.

(b) Now, deuterons are also singlets, and therefore the left hand side of the reaction has isospin I = 0. On the
other hand, since pions are in a triplet state, the right hand side has an isospin of I = 1. Therefore, this reaction
would violate isospin and therefore won’t occur via the strong interaction, which is the only force capable of
making this possible.

(c) We would not expect “Be or a bound state of four neutrons to exist because these would have I3 = +2
and Is = —2, respectively, and thus be part of an I = 2 quintuplet. The Is = +1 and Is = —1 states of this
quintuplet would be *Li and *H, respectively, which we have already found don’t exist. Therefore, since we
can’t seem to find other members of a possible quintuplet, we don’t expect to see *Be or a bound state of four
neutrons, either.



