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Fine Structure of Hydrogen
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 MACROBUTTON MTPlaceRef \* MERGEFORMAT (1.1)

But this needs to be corrected to include (a) the relativistically correct kinetic energy, and (b) the potential energy of the electron, in its own rest frame, between the magnetic dipole moment of the electron and the effective B-field.
(a)
The Relativistic Correction:

The relativistic kinetic energy of the electron is 
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This leads to a perturbation hamiltonian
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and an energy correction of
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But 
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Moreover, from the virial theorem we know 
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and 
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so
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Also, one can show [see Shankar 17.3.4(2) (HW5, problem 2)] that
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Substituting these last two equations into (1.5)

 yields the total relativistic correction:
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(b) The Spin-Orbit Correction:


The magnetic dipole moment of the electron is given by the Dirac equation to be
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[It is interesting to note that classically, if we treat the electron as a current loop, its magnetic moment would be 
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.  The Dirac equation predicts a value that is larger by precisely a factor of 2.]
The magnetic field that the electron sees in its own instantaneous rest frame is
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The interaction of the electron dipole moment (due to electron spin) with the magnetic field in the electron frame (due to its orbit) would appear to give a perturbation term
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However, the electron is not in an inertial frame since it is accelerating toward the nucleus; this gives a relativistic correction which reduces 
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 by precisely a factor of 2 (also predicted by the Dirac equation).  This gives a final Hamiltonian due to the spin-orbit interaction of
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But to find the expectation value of this Hamiltonian in the 
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 state, we need to express it in terms of good quantum numbers for the hydrogen atom.  When we include 
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, the Hamiltonian does not commute with either 
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, so these quantities are not conserved; both 
[image: image21.wmf]L

r

 and 
[image: image22.wmf]S

r

 will precess around the total angular momentum 
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.     However, we don’t need to know the components of 
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 in order to evaluate (1.14)

, since
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Substituting this into (1.14)

 and taking the expectation value gives
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This last factor can be evaluated using the method described in Shankar’s Exercise 17.3.4 (HW5.2), giving
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When we substitute this into 
(1.16)

, and use the identities relating  GOTOBUTTON ZEqnNum235330  \* MERGEFORMAT  for hydrogen to 
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 and to 
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a

, we obtain:
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Then the total fine-structure correction is the sum of equations (1.18)

:(1.10)

 and 
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The second of the two terms within 
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 can be simplified, since there are only two possibilities:  (a) 
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, and (b) 
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.  Making the substitutions for each of these cases, we find that we miraculously get the same result in both cases, provided we express the result in terms of j.  The final result is



[image: image37.wmf]2

0

1

2

1

2

4

3

2

n

fs

E

n

E

mcj

éù

ìü

ëû

=-

íý

+

îþ


 MACROBUTTON MTPlaceRef \* MERGEFORMAT (1.20)

_1253709143.unknown

_1253715709.unknown

_1253716267.unknown

_1253903795.unknown

_1286352987.unknown

_1286353004.unknown

_1253908502.unknown

_1253908615.unknown

_1253957790.unknown

_1253908571.unknown

_1253907764.unknown

_1253895468.unknown

_1253895511.unknown

_1253902920.unknown

_1253895496.unknown

_1253882319.unknown

_1253715827.unknown

_1253715843.unknown

_1253715725.unknown

_1253715755.unknown

_1253712869.unknown

_1253713375.unknown

_1253713428.unknown

_1253714051.unknown

_1253713247.unknown

_1253711256.unknown

_1253712567.unknown

_1253712721.unknown

_1253711766.unknown

_1253709382.unknown

_1253708379.unknown

_1253708999.unknown

_1253709066.unknown

_1253708689.unknown

_1253708263.unknown

_1253708301.unknown

_1253707259.unknown

