PHYSICS 234 HOMEWORK 2 SOLUTIONS

1.8.1. The matrix we have to diagonalize is

1 3 1
(1) Q=10 2 0
01 4
So the characteristic equation is
(2) l1-w)(2-w)(d—-w)—0)=0.
So the eigenvalues are 1,2,4. To find the eigenvector for w = 1 we have
0 3 1 a
(3) 0 10 b | =0
0 1 3 c
4) =b=0=c
So the eigenvector is
1
(5) =10
0
Similarly for w = 2 we have
-1 3 1 a
(6) 0 0 0 b | =0
0 1 2 c
—a+3b+c=0
@ = { b+2c=0
1 5
8 = |2) = — 2
® 2=zl 2
Finally the eigenvector corresponding to w = 4 is found from
-3 3 1 a
(9) 0 -2 0 b | =0
0 1 0
(10) = -3a+c=0
1 1
11 =>4)=—10
(1) =75 | 0

This matrix is not hermitian and so as we can see the eigenvectors are not
orthogonal as would be the case if the matrix was hermitian.
1
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1.8.2. The matrix we are given is
0 0 1
(12) Q=10 0 0
1 00

which is clearly hermitian. From looking at the matrix it should be clear that the
eigenvectors are

1 1 1 1 0

) AR A R A

whose corresponding eigenvalues are 1, —1,0 respectively. Let us choose U to be

1 1 0 1
(14) U=—|[0 v2 o0
V2 1 0 -1
So we have
1 1 0 1 0 0 1 1 0 1
(15) UTQU:§Oﬂ0 000 0 V2 0
1 0 -1 1 00 1 0 -1
1 1 0 1 1 0 -1
(16) = 300 V2 0 00 0
1 0 -1 1 0 1
1 0 0
(17) = 0 0 O
0 0 -1
1.8.3. We have
2 0 0
(18) Q=10 3 -1
0o -1 3
Therefore the characteristic equation is
(19) (2—2w)((3—-2w)?—1) =
(20) = (1-w?@2-w) =

So we find the eigenvalues are 1,1,2. To find the eigenvector corresponding to
w = 2 we have

-1 0 0 a
(21) 0 —1/2 —1/2 b | =0
0 —1/2 —1/2 c
(22) =c=-b
(23) =a=0
1 0
(24) =2)=——|[ b
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Now the 2D space which works which corresponds the degenerate values of w =1
is has to be perpendicular to this vector. So clearly the vectors in this space have
the form

1

25 _— c
(25) va? +2c2 e

1.8.4. We have
4 1
20 o-( 1)

Therefore the characteristic equation is
(27) (A-w)(2-w)+1) = 0
(28) = B-w? = 0.

So the only eigenvalue is w = 3 and therefore to find the corresponding eigenvectors
we gave

(5 20)-

(30) =b=

(31) = [2) =

1.8.5. We have
(32) Q—( cosf  sin

0
—sinf cos6

and we see that

+ cos —sinf
(33) 0= ( sinf  cosf

Therefore we find
(34) ofg — (cos@ sin —6 )( cosf sin@)

sinf cos@ —sinf cosf

- (i)

The characteristic equation is

(36) (cos — w)? +sin% 0 = 0
(37) = w?—2wcosh+1=0
(38) = w=cosftisinf =er",
To find the eigenvectors we have

isinf sinf a
(39) ( :'isinf) Fsinf ) ( b ) =0
(40) = b = tia.

So the eigenvectors are

(41) w = ey — %(L)o
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So the transformation matrix is

(42) U=

Sl
[\

7 N\
. =
| =
~

N~~~

and therefore we have

1 /71 cosf) sin6 1 1
i —
(43) v = 2(1 >(—sin9 cos@)(i —i)
1 1
2\ 1

(44) _ < cosf + isinf cosf — isinf >

—sinf +icosf —sinf —icosb
e
(45) = ( 0 —19 >

1.8.6. If Q hermitian or unitary it can always be diagonalized so that the eigan-
values are the only non-trivial components along the diagonal of the matrix. The
determinant of any diagonal matrix is the product of the diagonal elements, so the
determinant of a unitary or hermitian matrix is the product of its eigenvalues or

(46) Det(Q) = ﬁwi

Similarly as the trace is invariant under a unitary transformation and the trace of
a any matrix is the sum of the diagonal elements we have

(47) Tr(Q) = Zwi
i=1
1.8.7. We have
1 2
(48) Q= ( 9 1 >,

so Det(Q) = wiws = —3 and Tr(?) = wy + wy = 2. Using these two equations we
have

(49) w?—2w—-3=0
(50) =w=1or2
If we calculate the characteristic equation we get the same quadratic equation as
eqn.(50).
1.8.8. We have four hermitian matrices M, M2, M3, M* which satisfy the relation
(51) MM 4+ MIM* = 2591
Now if we set i = j in eqn.(51) we have (M*)? = I so if we are in the diagonal basis
of M* we know that the square of the eigenvalues must be 1. As M i is hermitian
the eigenvalues have to be real so M* has eigenvalues £1.

For i # j we have MM’ = —M’M?* from eqn.(51). Now if we multiply this
equation by M? on the left and take the trace of both sides we get

(52) Tr((MY?*M?) = —Tr(M‘MM?)
(53) = Tr(M?) = —Tr(MI(MH)?)
(54) Tr(M?) = —Tr(M7),

where we have used the fact that (M?)? = I and the cyclic property of the trace.
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Now as the eigenvalues are +1 and they are traceless we have that there must
an equal number of 1 as —1. Therefore the M* must be of even dimension.

1.8.9. From the equation for angular momentum we have

(55) L= Zma(ra X V)i
«
where v, = w X r,. So if we find that
(56) (ro X Va)i = (ra XwXry);
(57) = (ro)’w;i — (roq - W)Tia
(58) = ) ((ra)?8ij — riaTja)w;.

J
So substituting into eqn.(55) we have

(59) Lz = ZMijwj
J

where M;; = > ma((Ta)?8ij—TiaTja). Clearly from this equation angular momen-
tum and angular velocity are not always parallel. Also M;; is real and symmetric
so it trivially hermitian and therefore it can be diagonalized to with three orthonor-
mal eigenvectors. If the angular velocity points in one of these eigenvector direction
then the angular momentum will also be parallel to it. Therefore there are atleast
three directions in which the angular momentum and angular velocity are parallel.

For a sphere the moment of inertia is proportional to the identity matrix as this
is the only matrix that has every vector as an eigenvector. Therefore the eigenvalues
of M the sphere are all equal.

1.8.10. We have

101
(60) Q =000
101
2 1 1
(61) A= |1 0 21
1 -1 2

so the commutator of these two matrices is [2, A] = 0 and therefore the two ma-
trices can be simultaneously be diagonalized. Now as the question tells us that
Q is degenerate while A is nondegenerate. So the obvious thing to do is to first
diagonalize A. The characteristic equation for A is

(62) 2-w(ww-2)-1)—B—w) +(w-1) = 0

(63) = (2-w)(W? —2w—3)
(64) =w = —1,20r3

|
o
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So for w = —1 we have

3 1 1 a
) ( | )(b)o
1 -1 3 c

(66) =3a+btc=0
(67) =a+b—c=0
(68) =a—b+3c=0
(69) =c=-a
(70) =b=—-2a
1 1
(71) = | 1>_\/6(_§)'

(73) =b+c=
(74) =a—-2b—-c=
(75) —a—b=0
(76) =c=-b
(77) =a=0b
1 1
(78) = 12) ﬁ(ﬂ)

-1 1 1 a
- <1 i _1)(b):o
1 -1 -1 c

(80) =—-a+b+c=0
(81) =a—3b—c=0
(82) =a—-b—c=0
(83) = a==cC
(84) =b=0
1 1
(85) :>|2>—ﬁ($).

So transformation matrix is

(86) U==-| -2 V2 o0
N1 —va s
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in which case we find that

0 0 0
(87) UQu = 00 0
0 0 1
-1 0 0
(88) UTAU = 0 20
0 0 3
1.8.11. The initial state is
1
89 0)) = —=(I) + |I1)).
(89) |2(0)) \/5(|> 111))
So the state at any time ¢ is
(90) [z(t)) = U(t)]z(0))
(91) = (|[I){I|coswyt + [IT){II|coswyst)|x(0))
1
92 = —(coswyt|I) + coswyrt|I1
(92) \/5( rtlI) t|11))
1/ coswrt+ coswyrt
(93) o 2<Cosw1t—coswnt

which is exactly what we get in 1.8.39 when we use the same value of |x(0)).

1.8.12. We have the two equations

(94) () = Qx(t))

(95) [z(t)) = U®)]=(0))

From eqn.(95) we also know that

(96) E(t) = U®)(0)

and substituting eqn.(95) and eqn.(96) into eqn.(94) we find that
(97) U(t) = QU(t).

is the require equation of U. Now if we assume that both U and 2 are simultane-
ously diagonalizable then the only non-zero elements of U are the components Uy
and Uss which have the following equations

(98) Ull(t) = —w%Ull (t)
(99) U22 (t) = —ngQQ (t)
Now if we have the initial condition that |#(t)) = 0 then U;; = 0Usg. In this case we

find that Uy; = coswit and Usy = coswot which is exactly corresponds to equation
1.8.43

1.9.1. As ) is hermitian we can always diagonalize it. So a n product of ’s will
have the eigenvalues raised to the n* power along diagonal while all off diagonal
elements will be zero. Therefore

f(wl) 0 0
(100) fey=| 0 flw) 0
0 0 ’

so the f(Q) = 115 is holds when each of the eigenvalues w; < 1
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1.9.2. We that H is hermitian, so Hf = H. Now U = e'¥ so that UT = e *H.
Now as H commutes with itself we can use the identity e4e” = e4*5 we have that
UtU = 1. So U is unitary.

1.9.3. Again if we diagonalize H and then evaluate the exponential then U is a
diagonal matrix that has exponential of iw; as its jj entry. Therefore determinant of
U corresponds to a product of these diagonal elements which due to the property
of exponents leads to the exponential of the sum of all eigenvalues. Therefore
Det(U) = et Tr(H),

1.10.1. The important property of the ¢ function is
(101) /6(x)dx =1
therefore we have that

(102) /5(kx)dx = /5(y)|]1€|dy

where we change variables from = to y = kx and the absolute value is because the
intergral is independent of the sign of . As x and y are dummy integration indices
we can relabel y with  and so §(kz) = ﬁé(x)

1.10.2. Let us again use the integral of the § function
1
(103) [otrniz= [ 80 g

where we changed variables from z to y = f(z) and then used the fact that the

delta function is non-zero only at xy along with the fact that the sign does not

make a difference. So we have §(f(x)) = \digfg)l

d

1.10.3. Again we see that

(104) g — o) = { 0 z#a

dx o =21

as @(x — 2’) is constant at all points except x = 2’ at which there is a skip in the
function so the derivative is infinite at this point. Finally the we show that

x4
(105) //_ Lo~ a)da = 0(e) ~ 0(~¢) = 1

Therefore -L0(z — z') = §(z — 2').

1.10.4. All we have to in his question is to calculate

(106) (ml(0)) = \/E | sin("E it 0)ds

where
2zh L
2zh 0<e< 2
(107) P(,0) {szh(L_x) L<z<l
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So we find
22h, [F/? mnx L mmnx
— It (T L — (T
08)mlo0) = ZF([ s )dx+/L/2( ) sin(™" 70 )
L/2
(109) = 1/%%(1—1—(—1)’”“)/ msin(?)dw
0
2 2h m L . mnm
(110) = {7 A+ (1) +1)m27r2 sin(—-)
2 4hL . mm
Now substituting into 1.10.59 we have
> 2 . mrzx
(112) G t) = Z\Esm( ) coswat(m|4(0))
m=1
(113) - % sin(%) sin(77%) cos wynt
mem

m=1



